In this paper, within the framework of uncertainty theory, two kinds of concepts about uncertain numerical series and uncertain positive numerical series are introduced. Besides, several convergence theorems in terms of above two concepts are presented respectively, and some corresponding examples are also given.
I. INTRODUCTION
It is well know that, for modelling indeterminacy, there are two most common approaches, one is probability theory and the other is fuzzy set theory. However, above two theories have some limitations to model indeterminacy (see [1] ). For example, a fundamental assumption of employing probability theory is that the sample size should be very large so that the estimated probability distribution sufficiently near the true frequency. But, sometimes we may face the situations that no or small samples can be gotten, due to technical difficulties and the occurrence of small probability events. Therefor, in these cases, probability theory may not suit for modelling indeterminacy. Similarly, fuzzy set theory also may fail to handle indeterminacy phenomena in some special cases.
In order to model indeterminacy phenomena, especially experts' subjective estimation, Liu [2] founded uncertainty theory in 2007; it is based on four axioms, namely normality, duality, subadditivity and product axioms. In this theory, uncertain variable represent quantities with uncertainty, and belief degree is considered as its uncertainty distribution. At present, uncertainty theory has become a new branch in mathematics, and has widely studied from the aspects of both theory and practical application. Some theoretical researches include uncertain set [3] , uncertain programming [4] , [5] , uncertain logic [6] , uncertain differential equations [7] , uncertain graph [9] , uncertain sequences [8] , and so on. Meanwhile, several researchers focus on the applications of the uncertainty theory including shortest The associate editor coordinating the review of this manuscript and approving it for publication was Nagarajan Raghavan . path [10] , transportation [11] , [12] , portfolio selections [13] , [14] , option pricing [15] , scheduling [16] .
Due to sequence convergence playing a very big role for the development of both basic and professional theory of mathematics, at present, many scholars have made a lot of research work on sequence convergence problems in the framework of uncertainty theory, such as Gao et al. [17] , You et al. [8] , Wang and Wang [18] , You and Yan [19] , Chen et al. [20] . Note that, numerical series being an extension of sequences has also received extensive attention. Nowadays, many researches have been done on the convergence of numerical series based on probability theory, see for example, Kahane [21] , Móricz [22] , Braha and Mansour [23] , Bradley and Sandifer [24] . However, to the best of the author's knowledge, few researchers have employed uncertain theory to study the convergence of numerical series. Therefore, this paper will present some properties about convergence of uncertain numerical series including uncertain positive numerical series.
The remainder of this paper is organized as follows. In Section 2, we discuss the convergence for the uncertain numerical series. Section 3 further investigate the convergence for the uncertain positive numerical series. Section 4 concludes this paper.
II. CONVERGENCE OF UNCERTAIN NUMERICAL SERIES
Definition 1: Let {ξ i } be an uncertain sequence. An uncertain numerical series is defined as the form
for shorthand, we use the symbol ξ i to denote the series and called the uncertain numerical series.
And the partial sum S n is expressed as
The uncertain numerical series ξ i is said to be convergent in measure if the partial sum S n is convergent in measure to S, that is to say
for any ε > 0.
Moreover, if {S n } is a divergent in measure sequence, then the uncertain numerical series is also divergent in measure.
Cauchy Criterion is a powerful tool in theory of mathematics and play important role in proving the convergence tests. Thus, in this paper, we will present Cauchy Criterion for the convergence in measure of the uncertain numerical series. Before give the Cauchy Criterion for the uncertain numerical series, we discuss the Cauchy Criterion for the uncertain sequence at first. Proof: (i) If the uncertain sequence {ξ i } is uncertain cauchy sequence. Then, for any ε > 0, there exists a positive integer N , when n, m > N , we have
Thus,
we can obtain that for any n, ξ n < M . That means the uncertain cauchy sequence {ξ i } is bounded.
Furthermore, according to Bozlano-Weierstrass theorem, there exists a subsequence
Thus, we obtain that the uncertain sequence {ξ i } is convergent in measure to ξ .
(ii) Assume the uncertain sequence {ξ i } is convergent in measure to ξ . By Definition 1, we can get that, for any ε > 0, there exists a positive integer N , when n, m > N , we have
That is, if the uncertain sequence {ξ i } is convergent in measure, then, there exists a positive integer N , when n, m > N , such that
The theorem is proved. Theorem 2 (Cauchy Criterion for Uncertain Numerical Series): The uncertain numerical series ξ i is convergent in measure if and only if: for any ε > 0, there exists a positive integer N , when m > N , for any positive integer p, we have
Proof: (i) If the uncertain numerical series ξ i is convergent in measure, according to Definition 2, we can obtain that for any ε > 0, there exists a positive integer N , when m > N , we have
and for any positive integer p,
Furthermore, we can obtain that
(ii) If for any ε > 0, there exists a positive integer N , when m > N , for any positive integer p, we have
That is
Therefore, we can obtain the uncertain sequence {S n } is uncertain cauchy sequence. It follows from Theorem 1 and Definition 2 that the uncertain numerical series ξ i is convergent in measure.
The theorem is thus proved. Example 1: Consider the uncertain numerical series
by the Monotonicity Theorem and Theorem 2, ∀ε > 0, define N = [ 1 ε ], so that when m > N , for any positive integer p, we have
Theorem 3: If the uncertain numerical series ξ i is convergent in measure, then we have
Proof: It is easy to know that for an uncertain numerical series ξ i , if the uncertain sequence does not convergent in measure to 0, it follows from the Theorem 2 that, the series ξ i is divergent in measure. The theorem is thus proved. Remark 1: If the uncertain sequence {ξ i } does not convergent in measure to 0, by Theorem 3, we can get that the uncertain numerical series ξ i is divergent in measure.
Example 2: Consider the uncertain numerical series 1 n = 1 +
Define p = m, we have
According to Remark 1, we obtain that the uncertain numerical series 1 n is divergent in measure. Theorem 4: Let ξ i and η i are two uncertain numerical series. If ξ i and η i are both convergent in measure, then for any real number c and d, the uncertain numerical series (cξ i + dη i ) is also convergent in measure, and we have
Proof: By Theorem 2, we can get that, for any ε 1 > 0, there exists a positive integer N 1 , when m > N 1 , for any positive integer p, we have
Similarly, there also exists a positive integer N 2 , when m > N 2 , for any positive integer p, we have 
Define ε 1 = ε 2c , and ε 2 = ε 2d , then M cξ m+1 + dη m+1 + cξ m+2 + dη m+2 + . . .
= 0. Thus, the uncertain numerical series (cξ i + dη i ) is also convergent in measure.
Furthermore, suppose that S i = ξ i and T i = η i are convergent in measure to S and T . Then
The theorem is proved. 
According to Theorem 4, we obtain that the equation
. is convergent in measure to 5.
Theorem 5: Suppose that the uncertain sequence {ξ i } is convergent in measure to ξ . Then, the uncertain numerical series
Proof: Note that
Besides, since the uncertain sequence {ξ i } is convergent in measure to ξ , by the work of Liu [2] , we have
Thus, we obtain
= 0 According to the work of Liu [2] , we can get that the uncertain numerical series (ξ i − ξ i+1 ) is convergent in measure to
The Theorem is proved. .
Due to
it follows from Theorem 5 that
III. UNCERTAIN POSITIVE NUMERICAL SERIES
In this section, we will discuss uncertain positive numerical series, which is a special case of the uncertain numerical series. Definition 3: Suppose {ξ n } is an uncertain sequence. If ξ i ∈ {ξ n } is non-negative uncertain variable, then the uncertain numerical series ξ i is defined as uncertain positive numerical series.
Theorem 6: Uncertain positive numerical series ξ i is convergent in measure if and only if: the partial sum S n is bounded. That is to say, there exists M > 0, for any positive integer n, we have S n < M , i.e., M{S n ≥ M } = 0.
Proof: (1) Since the partial sum of the uncertain positive numerical series S n is bounded, we define S = sup{S n }.
In one hand, for any ε > 0, there exists S N ∈ {S n }, such that S − ε < S N . Due to {S n } is an increasing sequence, when n ≥ N , we have
Furthermore, we get
In other hand, for every S n , when n ≥ N , we have
It follows from the work of Liu [2] that
Thus, we obtain that, if the partial sum S n is bounded, then the uncertain positive numerical series ξ i is convergent in measure.
(2) Assume that the uncertain positive numerical series is convergent in measure to S. It follows from Definition 2 that
Thus, there exists a positive integer N , when n ≥ N , we have
This means S n < S + ε.
Besides, note that {S n } is an increasing sequence, when n < N , we have S n < S N . Thus,
This means that, for every positive integer n, the partial sum of the uncertain positive numerical series S n is bounded.
The Theorem is proved.
Theorem 7: For two uncertain positive numerical series ξ i and η i , if there exists a positive integer N , for every n ≥ N such that ξ n ≤ η n , we have (i) if η i is convergent in measure, then ξ i is also convergent in measure;
(ii) if ξ i is divergent in measure, then η i is also divergent in measure.
Proof: Take S n = ξ i , S n = η i . When n ≥ N , we have ξ n ≤ η n .
Thus S n ≤ S n .
(i) If
η i is convergent in measure, according to Theorem 6, we know that, there exists M > 0, such that S n < M . Thus, we have S n ≤ S n < M . That is, the partial sum of the uncertain numerical series S n is bounded. Furthermore, by Theorem 6, we can get that ξ i is also convergent in measure.
(ii) Similarly, we can verify the contrapositive of (i). The Theorem is proved. Example 5: Consider the uncertain positive numerical series 1 n 2 − n + 2 .
When n ≥ 2, we have
By Example 1, we know that uncertain numerical series 1 (n−1) 2 is convergent in measure. Furthermore, it follows from Theorem 7 that, the uncertain numerical series 1 n 2 −n+2 is also convergent in measure. Theorem 8: For two uncertain positive numerical series
then, we have following results.
(i) When 0 < l < +∞, ξ i and η i are both convergent or divergent in measure;
(ii) When l = 0, if η i is convergent in measure, then ξ i is also convergent in measure; (iii) When l = ∞, if ξ i is divergent in measure, then η i is also divergent in measure.
Proof: (i) When 0 < l < +∞, then for any 0 < ε < l, there exists a positive integer N , when n > N , we have
It follows form Theorem 7 that, if (l+ε) η n is convergent in measure, then ξ n is also convergent in measure; and if ξ n is divergent in measure, then (l − ε) η n is also divergent in measure.
(ii) When l = 0, according to the proof of (i), we have
According to Theorem 7, it is easily to obtain that, if η i is convergent in measure, ξ i is also convergent in measure.
(iii) When l = ∞, then for any M > 0, there exists a positive integer N , when n > N , we have
That means ξ n > M η n . By Theorem 7, we have, if ξ i is divergent in measure, η i is also divergent in measure.
The Theorem is proved. Also, according to Example 2, we know that 1 n is divergent in measure. Therefore, it follows from Theorem 8 that, the uncertain positive numerical series 1 √ 1+n 2 is also divergent in measure.
Theorem 9: If the uncertain positive numerical series ξ i is convergent in measure, then the uncertain positive numerical series ξ 2 i is also convergent in measure, not vice versa. Proof: (i) If the uncertain positive numerical series ξ i is convergent in measure, according to Theorem 3, we have Thus, by Theorem 8, we obtain that, if the uncertain positive numerical series ξ i is convergent in measure, then the uncertain positive numerical series ξ 2 i is also convergent in measure.
(ii) We give an example to illustrate that the necessary condition doesn't hold. By Example 1, we know that the uncertain positive numerical series 1 n 2 is convergent in measure. However, according to Example 2, we obtain that the uncertain numerical series 1 n is not convergent in measure.
The Theorem is proved. Example 8: Consider the uncertain positive numerical series 4 n 4 − 5n 3 + 6n 2 − 4n + 4 .
When n > 2, we can get that According to Example 1, we know that the uncertain positive numerical series 2 (n−1) 2 is convergent in measure. It follows from Theorem 9 that the uncertain positive numerical series 4 (n−1) 4 is also convergent in measure. Therefore, by Theorem 8, the uncertain positive numerical series 4 n 4 − 5n 3 + 6n 2 − 4n + 4 , is also convergent in measure.
IV. CONCLUSION
In this paper, the concept of uncertain numerical series is first introduced. Then we proved some convergent for uncertain numerical series, and provide several examples for corresponding results. Furthermore, we proposed the concepts of uncertain positive numerical series, and then presented some convergent theorems based on the proposed uncertain positive numerical series.
